Abstract. We introduce twisted permutation-equivariant GWinvariants, and compute them in terms of untwisted ones. The computation is based on Grothendieck-like RR formula corresponding to Adams' operations from K-theory to itself, and the result can be understood as a "quantum" version of such Adams-RR. As in the case of cohomological quantum RR theorem [3], the result is applied to express the invariants of bundle and super-bundle spaces in terms of those of the base. The bonus feature of permutationequivariant K-theory is that the twisting classes can be understood as the simpler kappa-classes of Kabanov-Kimura [9] .
Introduction
In winter 1993-94, thinking of the Candelas et al mirror formula [1] for quintic 3-folds, I arrived at the construction [5] of the relevant hypergeometric functions from toric compactification of spaces of rational curves in the ambient projective 4-space. About the same time I received an intriguing email from M. Kontsevich about his plan to obtain the numbers of degree-d holomorphic spheres on the quintics by using Grothendieck-Riemann-Roch (GRR). It transpired soon that the starting point of his plan was the same as mine with toric compactifications, but applied to moduli spaces of stable maps instead. It has become standard: If rMs is the virtual fundamental class of such moduli space of degree-d rational curves ϕ : Σ Ñ CP 4 , then the virtual fundamental class of the moduli space for such curves in the quintic X 5 Ă CP 4 is obtained from rMs by taking the cap-product with the Euler class of the vector bundle over M with the fibers H 0 pΣ; ϕ˚Op5qq. The actual plan consisted in expressing the Euler class in terms of the components of the Chern character of this bundle, which can be computed using GRR and thus tracked back to some other GW-invariants of CP 4 .
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Kontsevich's plan was fully realized in 2001, in the form of the "Quantum Lefschetz" theorem based on "Quantum Riemann-Roch" [3] . Some fifteen years ago, discussing the subject with D. van Straten, I mentioned another idea: to use K-theory instead of cohomology, i.e. to count the number of degree-d holomorphic spheres by the dimension of the virtual structure ring of the moduli space. His comment sounded intriguing too: "Then you'll have to use Adams-Riemann-Roch." What he meant was that one would face the problem of expressing the Ktheoretic analogue of the Euler class of that same bundle in terms of Adams' operations, which are easier to compute following the GRR scheme.
Namely, to a morphism between two abstract cohomology theories, there corresponds a Grothendieck-Riemann-Roch formula. The Adams-Riemann-Roch corresponds this way to Adams' operations Ψ k , k "˘1,˘2, . . . , from K-theory to itself. Thus, a map π : X Ñ Y between two compact complex manifolds induces the push-forward: π˚: K 0 pXq Ñ K 0 pY q, which intertwines with Adams' operations this way:
Here Eu denotes the K-theoretic Euler class, defined on line bundles by EupLq " 1´L´1, so that the ratio, replacing the Todd class of the relative tangent bundle in the classical GRR, is characterized by
The present paper provides what we believe is the right answer to van Straten's question about "Quantum Adams-Riemann-Roch". The previous approaches included the Quantum Hirzebruch-RR [2] by T. Coates for fake K-theoretic (and, even more generally, cobordismvalued) GW-invariants (see also [4, 7] ), and the adelic characterization [14] by V. Tonita of twisted K-theoretic GW-invariants in genus 0. It turns out that the subject fits naturally into the setting of permutationequivariant quantum K-theory. Among the applications we include the abstract analogues of "Quantum Serre" and "Quantum Lefschetz" theorems. A detailed discussion of more concrete applications, involving K-theoretic mirror formulas and q-hypergeometric functions, is postponed to a sequel paper.
Twistings
Let X be a compact Kähler manifold. As usual, we denote by X g,n,d the moduli space of degree-d stable maps to X of nodal compact connected complex curves of arithmetical genus g carrying n marked points. Consider the diagram
, where ev and ft denote evaluation at and forgetting of the last, n`1-st marked point. The diagram can be viewed as the degree-d universal stable map to X of genus-g complex connected nodal curves with n marked points. Namely, when ϕ : pΣ, σ 1 , . . . , σ n q Ñ X is such a stable map, the fiber of ft over its equivalence class rϕs P X g,n,d is canonically identified with Σ{ Autpϕq, and the restriction of ev to this fiber coincides with the map defined by ϕ.
Given a vector bundle E P K 0 pXq over X, we put E g,n,d :" ft˚ev˚E. Here ft˚denotes the full K-theoretic push-forward.
1 It is not hard to show (see e.g. [3] ) that the orbisheaf E g,n,d has a locally free resolution and thus represents an element in the Grothendieck group K 0 pX g,n,d q of orbibunldes over X g,n,d .
In cohomological GW-theory, one defines twisted GW-invariants of X by systematically replacing virtual fundamental cycles rX g,n,d s by their cap-products with a general invertible multiplicative characteristic class of E g,n,d . Mimicking (and generalizing) this construction, we define twisted K-theoretic GW-invariants of X. Namely, for each non-zero integer k, fix an element E pkq P K :" K 0 pXq b Λ, and replace the virtual structure sheaf O X g,n,d introduced in [11] with the tensor product
where we use the superscript E p‚q to refer cumulatively to the twisting datum tE pkq u (which can be considered as a pZ´0q-graded bundle). Here Λ is a ground ring, which is a λ-algebra, i.e. is equipped with the action of Adams' operations Ψ k . For the sake of applications, and in contrast with previous papers of this series, we assume that they are defined on Λ for negative values of k as well, and defined the action of such operations on Novikov's variables by Ψ´1pQ
The factors 1{k are placed in the exponent for convenience, having in mind the applications where half of all E pkq (say, with k ă 0, or with k ą 0) are equal to each other, while the other half are zeroes, resulting in the twisting factors of the form EupE g,n,d q or 1{ EupEg ,n,d q. In such applications, it is necessary to assume that the K-theory in question is equivariant with respect to the fiberwise scalar action of the circle Cˆon the bundles E pkq . The same trick is useful in order to battle potential divergence issues. For example, to guarantee convergence of the expression for O tw X g,n,d
, one can extend the ground ring Λ into Λrλ˘1 , λ˘1 s by multiplicative coordinates λ˘on two circles, and assume that each E pkq is a multiple of λ`for k ą 0 and of λ´for k ă 0. Since
comes out as a power series in λ`and 1{λ´with well-defined coefficients.
In parallel with the construction of Part IX, we introduce the total descendant potential D tw X of twisted permutation-equivariant quantum K-theory of X. It is a function of a sequence t " pt 1 , t 2 , . . . q of Kvalued Laurent polynomials in one variable, q (which is a place-holder for universal cotangent line bundles L i ), and depends on the choice of E pkq P K considered as parameters. In this notation,
where
We refer the reader to Part IX for the definition of the correlators, but remind that l " pl 1 , l 2 , . . . q is a partition of the number n " ř r rl r of the marked points (into l r cycles of length r, permuted by the elements of S n ).
Note the superscripts E pr‚q , indicating that the twisted structure sheaves participating in the definition of the correlators and generating functions are based on the twisting sequence E prkq , k "˘1,˘2, . . . , depending on r.
A digression
We need to make a digression in order to justify the formula for D where h is induced by the cyclic permutation of r connected components of the curves. More explicitly, the terms contributing to each str h have the following form:
where M is the nickname for X g,n,d , pr i : M r Ñ M is the projection to the ith factor, T is the tentative notation for the tensor product over M of all inputs from the marked points, and the action of the generator h P Z r on the sheaf cohomology is induced by the cyclic permutation of the factors. We claim that str h coincides with
implying the above formula for D tw X . The essence of our claim is captured by the following abstract lemma.
Lemma. Let M be a compact complex manifold (or, more generally, virtual orbifold), E, T P K 0 pMq b Λ, π : M Ñ pt, and F a polynomial (or convergent series) in one variable with Ψ-invariant coefficients. Then
Proof. Due to Lefschetz-Kawasaki's localization formula (see Part IX), str h pπ r q˚pW q is determined by tr h pW | M q, where M is the fixed point locus of h in M r . The restriction of ř i pri E is E b CrZ r s, where the 2nd factor carries the regular representation of Z r . We have: tr h Ψ k pCrZ r sq " 0 when r ∤ k, and " r when r | k. The simpler case r ∤ k is processed similarly.
Formulations
Let us return now to our main problem of expressing the family D tw X in terms of D X . In order to formulate the answer, we interpret the total descendant potential as a quantum state xD tw X y in the Fock space associated to a certain symplectic loop space pK 8 , Ω 8 q. By definition, K 8 consists of sequences f " pf 1 , f 2 , . . . q or K-valued rational functions of q with possible poles at q " 0, 8, or at roots of unity. The Λ-valued symplectic form is defined by
where Ω prq pf, gq :"´rRes q"0`R es q"8 s pf pq´1q, gpE pr‚q d, and p¨,¨q E pr‚q is the twisted K-theoretic Poincaré pairing in K 0 pXq b Λ:
Thus, the symplectic structure Ω 8 depends in fact on parameters E pkq . The loop space K 8 is equipped with polarization
which is Lagrangian with respect to Ω 8 for any values of the parameters. Namely, K`consists of sequences f " pf 1 , f 2 , . . . q of K-valued Laurent polynomials in q, while K´consists of sequences of rational functions such that f r p8q " 0 and f r p0q ‰ 8 for each r " 1, 2, . . . . The function D tw X is naturally defined on K 8 . More precisely, we assume that the argument t " pt 1 , t 2 , . . . q consists of Laurent polynomials t r whose coefficients are small in K " K 0 pXq b Λ in the sense that they belong to some ideal in K, filtration by whose powers is increased by Adams' operations Ψ r with r ą 0. We define xD tw X y as an element (more precisely, a one-dimensional subspace) in the Fock space by shifting the argument t by the dilaton vector v " pp1´qq1, p1´qq1, . . . q, where 1 is the unit in K 0 pXq, and then lifting the dilaton-shifted function from
tw X y is a family of functions (in a family Fock spaces) defined in a small neighborhood of the dilaton vector.
Theorem 1 (Quantum Adams-Riemann-Roch). xD tw X y " p lxD X y, where p l is quantization of the operator l :
. . q as component-wise multiplication f r Þ Ñ l r pqqf r , where
We remind that our rules of quantization for quadratic hamiltonians have the form
where p α , q β form a set of Darboux coordinates on the component K prq of the symplectic loop space K 8 " ś rą0 K prq equipped with the symplectic form Ψ r Ω prq {r. This results in a well-defined projective representation of the Lie algebra of quadratic hamiltonians. Symplectic transformations are quantized by x M " e { log M . Note that due to the identity p1´q k q´1`p1´q´kq´1 " 1, the operator of multiplication by l r satisfies l r pq´1q l r pqq " e
Therefore it is not symplectic on K prq , but rather represents a family of operators (parameterized by E pr‚q ) which transform the symplectic form Ω prq based on the twisted pairing p¨,¨q E pr‚q into the undeformed symplectic form Ω prq | E"0 based on the Poincaré pairing pa, bq " χpX; a b bq. Respectively, the quantization p l trivializes the family of Fock spaces by mapping their elements (which are interpreted as functions on the underlying symplectic spaces) in the opposite direction: from the untwisted Fock space to the twisted ones. Thus, Theorem 1 says that under this trivialization, the family of quantum states xD tw X y remains constant.
Our entire setup can be generalized by allowing on the role of the twisting elements E pkq Laurent polynomials of the form E " ř m E m q m with coefficients E m P K, and by defining the bundles E pkq g,n,d as
Here L is the relative universal cotangent line on the universal curve diagram, i.e. L " L n`1 on X g,n`1.d . The following theorem shows that when all E pkq are divisible by 1´q, the effect of such twisting on the generating function D X consists in a shift of the origin.
Theorem 2. The total descendant potential D tw X of permutationequivariant quantum K-theory, twisted by the sequence E pkq , k ‰ 0, of K-valued Laurent polynomials in q, is related to the quantum state p l xD X y, where l is defined by componentwise multiplication operators (from Theorem 1)
corresponding to the sequence of twisting elements E pkq | q"1 , by the change of the dilaton vector v " pv 1 , v 2 , . . . q from v r " p1´qq 1 for all r " 1, 2, . . . to
We remind that Adams' operations act on q by Ψ k pqq " q k , and hence
Note that the components v r of the dilaton vector here depend on r. This should be understood this way: as the parameter Epqq´Ep1q varies, the quantum state xD tw X y stays unchanged, but the construction of this quantum state from the family of generating functions D tw X for GW-invariants involves the varying dilaton shift.
Remarks on kappa-classes
In the context of intersection theory in Deligne-Mumford spaces M g,n , one defines κ m´1 :" ft˚pψ m n`1 q, where ft : M g,n`1 Ñ M g,n is the universal family of curves, and ψ n`1 " c 1 pL n`1 q is the 1st Chern class of the relative cotangent line bundle.
In [9] , Kabanov and Kimura generalize this notion in the context of GW-theory by calling kappa-classes the push-forwards by ft " ft n`1 : X g,n`1,d Ñ X g,n,d of any class of the form ř mě0 evn`1pφ m qψ m n`1 , and prove a simple formula describing the effect of introducing into GWintersection theory all kappa-classes with φ 0 " 0. Namely, a general dilaton shift ensues.
In fact Theorem 2 can be viewed as the complete analogue of Kabanov -Kimura's formula in the case of permutation-equivariant quantum K-theory. Indeed, given a K-valued Laurent polynomial E " ř m E m q m , the K-theoretic push-forward
efines the K-theoretic version of a kappa-class in the sense of KabanovKimura. In the permutation-equivariant context, one is interested, in particular, in the traces of cyclic permutations acting on the tensor products of k copies of E g,n,d , which yield Ψ k pE g,n,d q. In complete analogy with Kabanov-Kimura's result, the effect of kappa-classes with Ep1q " 0 on the total descendant potential is described by Theorem 2 as the dilaton shift, while the case when Ep1q ‰ 0 is also covered.
Quantum Serre
Let D E X and D EX denote the total descendant potentials of permutation -equivariant quantum K-theory on X, twisted in the first case by a sequence E :" tE pkq u of bundles E pkq P K, and in the second by the sequence E˚" tΨ´1pE p´kq qu of dual bundles indexed in the reverse order. Thus, for a fixed k, in the former case we use e Ψ k pE g,n,d q{k as the twisting factor, and e´Ψ k pE g,n,d q˚{k in the latter. The name of the result comes from the fact that E g,n,d and´pE g,n,d q˚are related by Serre's duality.
given by the operators of multiplication f r Þ Ñ e ř k‰0 Ψ k pE prkq q{k f r transforms the quantum state xD EX y into xD E X y. Indeed, according to Theorem 1,
Thus xD (2) Quantum Serre duality can be easily extended to the twistings given by sequences E pkq of K-valued Laurent polynomials in q. In this case, the identification of the quantum states involves multiplications by e ř k‰0 Ψ k pE prkq p1qq{k , but in the comparison of the generating functions, the additional dilaton shifts occur.
Eulerian twistings
As it was explained in Introduction, the interest in studying twisted GW-invariants is fueled by applications to submanifolds Y Ă X given by holomorphic sections of a bundle E over X. This requires the twisting by the Euler classes EupE g,n,d q, but to make them invertible, one first considers a Cˆ-equivariant version of the theory (making λ P Câ ct on E by fiberwise scalar multiplication) and then passes to the limit λ Ñ 1 when possible. The approach actually works only in genus 0, but the Euler-twisted GW-theory can be considered in any genus, and we call the resulting GW-theory the quantum K-theory of the supermanifold ΠE (which is motivated by sdim ΠE " dim Y ). For a line bundle L, we have
and hence by the splitting principle
Thus, the total descendant potential D ΠE of the suprmanifold ΠE is obtained from the twisting sequence E pkq " E for k ă 0 and E pkq " 0 for k ą 0.
For another application, consider K-theoretic GW-invariants of a non-compact space defined as the total space of a vector bundle, F , over X. In comparison with the previous case, it is convenient to think of F as dual to E, equipped with the dual action of the circle, i.e. λ P Cˆacts on F fiberwise as multiplication by λ´1. The invariants of F can be defined by fixed point localization: X g,n,d are the fixed point loci of the Cˆ-action on moduli space of curves in the bundle space, while the twisting bundle, coming from the denominator EupF g,n,d q in Lefschetz' fixed point localization formula, is
Thus, the total potential D F of the bundle space is obtained from the twisting sequence E pkq "´F "´E˚for k ă 0 and 0 for k ą 0.
Corollary 2.
Indeed, the operators l r from Theorem 1 in either Eulerian case do not depend on r.
Remark. Note that the multiplication operators in this corollary are asymptotical expansions of the following infinite products:
EupE˚q´lq.
Namely, for a line bundle E, we have the formal expansion:
Genus 0
In Part X, from the all-genus adelic description of D X , we derived the adelic characterization of the range L X Ă K 8 of the "big J-function" constructed from the dilaton-shifted genus-0 descendant potential F 0 of permutation-equivariant quantum K-theory on X.
The theory carries over almost verbatim to our setting of twisted GW-invariants. Let E p‚q " tE pkq u be the twisting sequence consisting of K-valued Laurent polynomials in q. Denote by L tw X the subvariety in K 8 (depending on E p‚q ) which consists of sequences f " pf 1 , f 2 , . . . q of K-valued rational functions in q of the form f r " p1´qqe
, t r pLq, . . . ; t 2r pLq, . . . ; . . .y
where t " pt 1 , t 2 , . . . q P K 8 . Here tφ α u and tφ α u are bases in K Poincaré-dual with respect to the undeformed pairing. The superscript E pr‚q indicates that the correlators are defined using the virtual structure sheaves twisted by e ř k‰0 Ψ k pE prkq 0,n`1,d q{k , where n " 1`ř rą0 rl r , and the partition l`1 1 consists of l 1`1 cycles of length 1 and l r cycles of lengths r ą 1.
Corollary 3 (quantum Adams-RR in genus 0): l L tw X " L X , where l acts on f " pf 1 , f 2 , . . . q P K 8 by pl fq r " e ř k‰0 Ψ k pE prkq p1qq{kp1´q k q f r . As we will see, this result needs a comment rather than a proof. Let | E"0 is described by Theorem 2. Namely, xD tw X y " e F E p‚q 0 { `. . . , where the ellipsis denotes terms of other orders in . Thus, it suffices to figure out how the quantized operator p l acts on xD X y, and extract the terms of order h´1 from logp p lxD X yq. In fact the multiplication operator l r has one important property which simplifies the description of its quantization: it preserves the negative space K prq of the Lagrangian polarization on pK prq , Ω prq q. This implies that, in Darboux coordinate notation, the quadratic hamiltonian of log l r consists of monomials p α q β and q a q β , but does not contain p α p β . In other words, p l r act by a linear change of variables and multiplication. An explicit description is given in [6] This shows that, indeed,
Quantum Lefschetz
Continuing our study of genus-0 theory, consider the Eulerian cases, and denote by L X , L ΠE , and L E˚t he varieties in the appropriate loop spaces representing the quantum K-theory of X, of the super-manifold ΠE, and of the total space of the bundle E˚. We will have to assume that E is the direct sum of line bundles E i , i " 1, . . . , s, or at least that Chern roots of E are integer.
with coefficients f r,d which are Q-independent vector-valued rational functions of q. Then f ΠE P L ΠE and f E˚P L E˚, where
Proof. Recall that in Part X, we established D q -invariance properties of L X . Let P α q QαB Qα be the translation operators which, together with the operators of multiplication by Q α , generate D q , and let E i " ś α P´m iα α be the representation of E i in terms of the line bundles P α . By definition, we have pc 1 pP α q, dq "´d α , and hence
Consider the finite difference operators obtained by the asymptotical expansions of the following infinite products:
Then we have: 
Remark. The D q -invariance properties of L X extend to L ΠE and L E˚, e.g. because according to the genus-0 Adams-RR, L ΠE and L Eå re related to L X by the multiplication operators
respectively, which commute with finite difference operators from D q . Alternatively, one can check that the whole theory of adelic characterization of L X from Part X carries over to the twisted case.
9. An example Let P denote the Hopf bundle over X " CP n´1 " projpC n q. It generates K 0 pCP n´1 q and satisfies the relation p1´P q n " 0. As can be shown by elementary arguments (see [8] ), the "small J-function" in quantum K-theory of CP n´1 has the form
The projection rJs`" 1´q of J to K`shows that J corresponds to the input t " 0. This implies that in permutation-equivariant quantum Ktheory of CP n´1 , the sequence f " pf 1 , f 2 , . . . q all of whose components f r " J represents a point in L CP n´1 corresponding to the input t " pt 1 , t 2 , . . . q with all t r " 0.
The cotangent bundle 2 of CP n´1 can be described as HompC n {P, P q, i.e. as T˚" nP´1 in K 0 T pCP n´1 q. By´1, the subtraction of the trivial 1-dimensional bundle HompP, P q is meant. Our general theory does not prohibit twistings by virtual sums of line bundles, but to remove the degeneration of the twisted Poincaré pairing, we need to equip the whole bundle with a non-trivial action of Cˆ, whose elements we will denote by λ. Now applying the quantum Lefschetz theorem, we find a point f T˚CP n´1 in L T˚CP n´1 , all of whose components are equal to
The subtraction of the trivial bundle in nP´1 does not have any effect on the formula for I. However, it contributes the factor p1´λq to the equivariant Euler class
and hence in the twisted Poincaré pairing:
Note that the factor 1{p1´P´1λq n , which has no non-equivariant limit since at λ " 1, the denominator vanishes in K 0 pCP n´1 q, is present in the numerator of each term in I with d ą 0. Therefore, when components of I are extracted by pairing with a basis (say, φ α " p1Ṕ q α , α " 0, . . . , n´1), all terms with d ą 0 will have non-equivariant limits. This is expected, since moduli spaces of positive degree stable maps to T˚CP n´1 are compact. Indeed, for a non-constant map ϕ : Σ Ñ CP n´1 to the zero section of the cotangen bundle, the exact
where H 0 pΣ; ϕ˚Op´1qq " 0, and hence H 0 pΣ; ϕ˚T˚CP n´1 q " 0. Too bad, though, that due to the factor 1´λ the non-equivariant limit of pI´p1´qqq{ EupT˚CP n´1 q vanishes identically. The situation changes 3 , if one consders the twisting bundle E˚" nP " Op´1q b C n . The series f Er turn out to be the same as I, but the formula for the Poincaré pairing does not contain the factor 1´λ this time, and as a result the part with d ą 0 has a meaningful (and rather simple) non-equivariant limit:
Note that the projection rIs`of I to K`is rather complicated. Thus, f " pI, I, . . . q represents a point in L E˚a nd in L T˚CP n´1 corresponding to a non-trivial input t. Nonetheless, as it follows from the "explicit reconstruction" results of Part X, starting from the series I (respectively J), one can obtain an explicit parameterization of the entire varieties L E˚a nd L T˚CP n´1 (and respectively L CP n´1 ).
Hodge bundles
When E is the 1-dimensional trivial bundle, E g,n,d " 1´Hg , where H g is the Hodge bundle of dimension g. Its fibers are formed by holomorphic differentials on the Riemann surfaces, and do not depend on the numbers of marked points, or the maps to the target space. The quantum Adams-RR theorem says that the twisting of the virtual structure sheaves
results in the transformation of the total descendant potential
In the case g " 0, the Hodge bundle is zero, and the twisting of the virtual structure sheaves by the scalar e ř k‰0 Ψ k pτ k q{k results in the multiplication of the whole genus-0 descendant potential F 0 pt 1 , t 2 , . . . q by this scalar. Furthermore, the genus-0 part of log D X , which has the form ř rą0 ´r Ψ r pF 0 pt r , t 2r , . . . qq{r, turns into ÿ rą0 ´r Ψ r p△ r F 0 pt r , t 2r , . . . qq{r, where △ r " e ř k‰0 Ψ k pτ rk q{k .
On the other hand, on the loop space K 8 , the symplectic form Ω 8 pf, gq " ř rą0 Ψ r Ωpf r , g r q{r turns into its twisted form
The factors △ r occur here because of the change of the standard Poincaré pairing into pa, bq E pr‚q " χpX; a b b b △ r q. Note that the components of Ω 8 and of the genus-0 part of log D X change the same way under the twisting. Recalling the construction of L tw X Ă K 8 , we conclude that the Hodge twisting does not affect it at all. Now the genus-0 quantum Adams RR implies that L X is invariant under the operators l : f " pf 1 , f 2 , . . . q Þ Ñ pl 1 f 1 , l 2 f 2 , . . . q. In Part X, we derived the same result under the name "string flows" from adelic characterization of L X as a special case of D q -invariance properties.
Proof of Theorem 1
The main difficulty in direct application of Adams-Grothendieck-RR technique to our problem is caused not by the permutations of the marked points, but by their interaction with the orbifold structure of the moduli spaces (due to the intrinsic automorphisms of stable maps). Yet, Theorems 1 and 2 look as if such stacky issues could be ignored. It is possible therefore that our results can be derived by direct Ktheoretic arguments similar to those used by Kabanov-Kimura [9] or by Tonita [13] in the case of cohomological kappa-twistings. Lacking such a direct argument, we resort to another approach: the "quantum Hirzebruch-RR" theorem of Part IX, which reduces the problem to fake quantum K-theory, where the stacky issues can be ignored indeed.
In Part IX, we gave an adelic representation of D X in terms of D tw X{Z M , the generating functions for twisted in a certain way fake K-theoretic GW-invariants of the orbifold target spaces X{Z M " XˆBZ M , M " 1, 2, . . . . The representation was based on the virtual Kawasaki-RR formula [12] applied to computing the traces of the transformations in sheaf cohomology on X g,n,d induced by renumbering of the marked points. Let us recall that Kawasaki's formula computes such traces in terms of certain fake holomorphic Euler characteristics on strata of the inertia orbifold, which in our case were described in terms of moduli spaces of stable maps to X{Z M . More precisely, the sum of the contributions of all the strata has the structure of Wick's summation over decorated graphs, where the vertex contributions (i.e. contributions of one-vertex graph without edges) have the form of certain twisted fake K-theoretic GW-invariants of X{Z M .
The whole machinery and the resulting description fully applies 4 to the case of D 4 In fact, there is some change in the formalism; namely the Poincaré pairing p¨,¨q tw r depends on r, while in the untwisted case it is the same for all r, but as we will see shortly, this does not produce any destructive effect.
In order to specify the additional twisting, let us denote by M a moduli space of stable maps to X{Z M , considered as a Kawasaki stratum in some X g,n,d , and recall from Part IX the general shape of its contribution to str h H˚pX g,n,d ; O X g,n,d b V q, where h is some transformation on X g,n,d defined by a renumbering of marked points, and V is an h-equivariant bundle on X g,n,d .
A point in M is represented by a map ϕ : p Σ Ñ X of a compact holomorphic curve to X, equipped with a (possibly ramified, and not necessarily connected) principal Z M -cover p : Σ Ñ p Σ. The composition p˝ϕ represents a stable map to X fixed under the symmetry h defined by the generator in Z M . The contribution of the Kawasaki stratum has the form χ f akeˆM ; tr h pV | M q str h^‚ NM˙, where NM is the virtual conormal bundle of M considered as a stratum in a moduli space of covering stable maps p˝ϕ to X, and^‚ denotes the exterior algebra. By definition,
where rMs is the virtual fundamental cycle, and T M is the virtual tangent bundle. We also remind that tr h W is defined on an h-invariant vector bundle W as ř λ λW λ , where W λ is the eigen-bundle corresponding to the eigenvalue λ.
In the untwisted theory, the bundle V comes from inputs into the correlators of quantum K-theory on X which the formula purports to compute. The denominators provide the twisting of the fake quantum K-theory of X{Z M , which results in replacing D We claim that this modification can be described as the appropriate twisting of the fake quantum K-theory on X{Z M in the same sense in which this term is used in [13] and earlier in this paper. The trick is the same as the one used in Part IX (and elsewhere). For each Mth root of unity λ " e 2πia{M , a " 1, . . . , M, denote by C λ the 1-dimensional complex orbibundle on X{Z M on which the generator h of Z M acts with the eigenvalue λ. Let ft : C Ñ M denotes the universal curve over M (considered as a moduli space of stable maps to X{Z M ), and ev : C Ñ X{Z M denotes the universal stable map in this sense. Then ft˚pev˚pE b C λ´1is identified with the eigen-subbundle in E pkq g,n,d | M on which h acts with the eigenvalue λ. After the application of Ψ k , the eigenvalue will become λ k . Thus, χ tw pM; W q "
Now we are in the right position to invoke the result of V. Tonita [13] (actually going back to the "orbifold quantum Riemann-Roch theorem" of H.-H. Tseng [15] ) about several superimposed twistings of GW-invariants of orbifold target spaces. It is formulated in cohomological terms, but since fake K-theoretic invariants are defined purely cohomologically, the rephrasing in K-theoretic notations is straightforward.
In fact the computation is similar to what we've already done in Part IX. The family of quantum states xD tw X{Z y in the appropriate symplectic loop space formalism is obtained from the state at the value E " 0 of the parameters by quantized multiplication operators acting separately in each sector labeled by elements h s P Z M , s " 1, . . . , M. Combining the twisting for all values of a " 1, . . . , M, but for a fixed value of k, we find the multiplication operator in the form and tx{Mu denotes the fractional part. Just as in Part IX, let r " ps, Mq be the greatest common divisor, m " M{r, s 1 " s{r, so that ps 1 , mq " 1, and write a " a 1 t
1`m u, where t 1 is inverse to s 1 modulo m, 0 ď a 1 ă m, and u " 1, . . . , r. Then tas{Mu " a 1 {m regardless of the value of u. Collecting the terms in the exponent with fixed values of k, a 1 , s 1 , we take into account that ř r u"1 e 2πiku{r " 0 unless k is divisible by r, in which case it is equal to r. For k " rk 1 , we also write e 2πika 1 t 1 {M " ζ a 1 k 1 , where ζ " e 2πit 1 {m is a primitive mth root of unity. Thus, the exponent in our infinite product becomes the product of Ψ i.e. with Ψ r pv r q, where v r is the rth component of the dilaton vector described in Theorem 2.
